Introduction
The continuous cohomology of Lie algebras of C ∞ -vector fields has proven to be a subject of great geometrical interest: One of its most famous applications is the construction of the Virasoro algebra as the universal central extension of the Lie algebra of vector fields on the circle.
So there is the natural problem of calculating the continuous cohomology of the Lie algebra of holomorphic vector fields on a complex manifold.
We solve the problem completely for arbitrary complex manifolds (up to (singular) cohomology calculations of some mapping spaces) -combining a method of [Kawazumi] with hypercohomology techniques.
Our main interest is in compact complex manifolds: Here, the Lie algebra of holomorphic vector fields seems to be too small to be interesting -for compact Riemann surfaces of genus g it is of dimension 3 for g = 0, 1 for g = 1 and 0 for g ≥ 2.
However, treating the holomorphic vector fields as a sheaf rather than taking brutally global sections proves to reveal a richer cohomology theory, as first remarked by [Feigin] .
We study the relation of the sheaf Lie of Lie algebras of holomorphic vector fields to the sheaf g of vector valued differential forms of type (0, q) (where the the values are in the holomorphic vector fields). It is called the sheaf of Frölicher Nijenhuis or Kodaira Spencer algebras and it constitues a fine sheaf of differential graded Lie algebras which is a fine sheaf resolution of Lie.
We will calculate differential graded (co)-homology for the Frölicher Nijenhuis algebra (i.e. the space of global sections of the corresponding sheaf), also with coefficients.
The main idea of the article:
Let h a sheaf of differential graded Lie algebras. There is a differential graded coalgebra C(h) calculating the differential graded Lie algebra homology H dg * (h). This is the Quillen functor, see [Quillen] and [Hinich, Schechtman] . In the same way, there is a differential graded algebra A(h) calculating the differential graded cohomology H * dg (h) of h. Now assume that h is not necessarily fine, but that there is a morphism φ to a fine sheaf g of differential graded Lie algebras which is a cohomology equivalence (i.e. H * dg (g(U)) = H * dg (h(U))) on each contractible open set U. In this case, hypercohomology (for the differential sheaf A(h)) and cosimplicial cohomology (i.e. the cohomology of the realization of the simplicial complex obtained from applying the functor A to the Cech resolution of h) coincide under suitable finiteness conditions for g and h.
This is true because φ induces an isomorphism on the cohomology sheaves of the sheaves A(g) and A(h), inducing an isomorphism in hypercohomology. As g is fine, hypercohomology is just the cohomology of the complex of global sections of A(g). On the simplicial side, we have a morphism of simplicial cochain complexes induced by φ which is a cohomology equivalence on the realizations, see [Bott, Segal] , lemma 5.9. By a standard argument using partitions of unity for the fine sheaf g, see [Bott, Segal] §8, the realization of the simplicial cochain complex gives the cohomology of the complex of global sections of A(g).
We will apply this scheme of reasoning to the sheaf of holomorphic vector fields h = Lie on a complex manifold, and its fine resolution given by the sheaf g of dz-forms with values in holomorphic vector fields, the sheaf of Frölicher Nijenhuis algebras.
Applications of these calculations are in conformal field theory , cf [Feigin] , and in deformation theory, cf [Hinich, Schechtman] . My results are also influ-enced by and relying on the articles [Bott, Segal] and [Kawazumi] . Actually, a great deal of this text is spent on the understanding of Feigin's article.
The content of the paper reads as follows: Section 1 is concerned with the definition of differential graded cohomology with coefficients and links it to the Lie algebra cohomology; Section 2 studies the cohomology of the Lie algebra of holomorphic vector fields on a Stein open set in l C n ; Section 3 treats the cosimplicial version which gives an equivalent point of view according to the main idea of the article; Section 4 and 5 follow closely the article [Feigin] and should be read together with this article in order to assure better understanding.
Some proofs are given in fragments -they are standard, mostly relying on adaptions of well known lemmas from [Bott, Segal] . Complete proofs will appear in my thesis.
I am grateful to my thesis advisor C. Roger for encouragement, to the staff of the mathematical physics section at Lyon University for discussion, and especially to C. Kapoudjian for constant support.
1 Differential Graded (Co-)Homology Sometimes g will denote a sheaf, sometimes it is the space of global sections of this sheaf on the manifold under consideration.
Let g = (g * , [, ], ∂) a (cohomological) differential graded Lie algebra, i.e. a positively graded vector space with a graded skew commutative bracket which satisfies the graded Jacobi identity, and a cohomological differential which is a graded derivation of the bracket.
The Quillen functor C associates to g a differential graded coalgebra which is q+p=n S −p (g)[1] q as graded vector space, carries the direct sum of the graded homology Chevalley-Eilenberg differential and the induced differential of ∂ as its differential, and the coalgebra structure is given by the usual structure on the graded symmetric algebra S * .
(See [Hinich, Schechtman] §2.2 for a thoroughly treatment.)
The cohomology of C(g) is by definition the differential graded homology of g.
There is a spectral sequence associated to the filtration given by the tensor degree, taking first cohomology with respect to ∂. It is easy to see that its first term is C(H ∂ (g)), so the second term is the (graded) Lie algebra homology of H ∂ (g).
The dual version, i.e. A(g) = Hom(C(g), l C), is a differential graded algebra calculating the differential graded cohomology of g.
It is clear how to incorporate coefficients in a differential graded module (M,∂): take the (graded) tensor product C(g) ⊗ M or the (graded) Hom-functor Hom(C(g), M) with the action incorporated in the Chevalley-Eilenberg differential and the differential∂ in direct sum (i.e. D = 1 ⊗∂ + d ⊗ 1) with the differential d on C(g). C(g) ⊗ M and Hom(C(g), M) are bigraded with respect to the sum of the internal degree of C(g) (i.e. the degree induced by the degree of g) and the degree of M on the one hand, and the tensor degree of C(g) on the other. The differentials induced by ∂ and∂ rise the sum of the internal degrees, the Chevalley-Eilenberg differential (with coefficients) rises tensor degree.
There is a Quillen-Milnor-Moore spectral sequence converging (under suitable finiteness conditions always satisfied in our cases) to the cohomology of C(g) ⊗ M, having H ∂ (g) ⊗ H∂(M) as its E 2 term.
We want to calculate differential graded (co-)homology of the Frölicher-Nijenhuis or Kodaira-Spencer Lie algebra g on a complex manifold.
In the cohomology case, we always take continuous cochains, i.e. we calculate Gelfand-Fuks cohomology. Two propositions allow us to take as A(g) just C on the continuous dual of g in case we are considering Stein open complex manifolds U (so we can identify g(U) with a space of functions with the C ∞ -topology which is a Fréchet nuclear space).
Proposition 1 The (continuous) dual sequence of a (algebraically and topologically) short exact sequence of Fréchet spaces is short exact.
Proposition 2 The continuous dual of the (completed) tensor product of two Fréchet spaces is the (completed) tensor product of the duals of these spaces.
These propositions follow from considerations in [Treves] or [Kawazumi] . It is clear that the spectral sequences collapse if we take g's such that there is only one cohomology (with respect to ∂) space non-zero. It is clear that this is the case for the Frölicher-Nijenhuis algebra on a Stein open set in l C n (in this case, the cohomology gives the global holomorphic vector fields), or on a compact Riemann surface of genus g ≥ 2 (in this case, the cohomology is the tangent space of the moduli space).
The following 2 theorems are immediate applications of the spectral sequence:
Theorem 1 Suppose that the Frölicher Nijenhuis algebra g on a complex manifold M has just one non-zero cohomology space, H * ∂ (g) = X if * = i and H * ∂ (g) = 0 if not. Then the differential graded (co-)homology of g is the graded (co-)homology of X (as a Lie algebra if i is even, as an algebra with a symmetric bracket if i is odd).
Corollary 1 For a Stein open set
where Lie(U) is the Lie algebra of holomorphic vector fields on U, g(U) is the Frölicher-Nijenhuis algebra on U and all cohomologies are continuous.
Corollary 2 For a compact Riemann surface Σ of genus g ≥ 2, we have
for p = 0 and 0 otherwise, where g(Σ) is the Frölicher-Nijenhuis algebra on Σ and T Σ M is the tangent space at the moduli space at the point Σ.
Proof: H 1 ∂ (g) is a (trivial) Lie algebra with a symmetric bracket, so the graded Lie homolgy is just S * (H 1 ∂ (g)) = S * (T Σ M).2 Remark 1: Compare this result with the theorem on the local structure of moduli spaces of [Hinich, Schechtman] . They showed this isomorphism for schemes of arbitrary dimension.
Remark 2: It is clear that there are many examples in dimension higher than 1 for complex manifolds M with Frölicher Nijenhuis algebra having just 1 cohomology space non-zero. In dimension 2, this is a case which is particularly well suited for deformation theory -recall that for H 0 (M, Lie) = 0 and H 2 (M, Lie) = 0 the number of moduli is well defined and coincides with dim(H 1 (M, Lie)), see thm. 6.4 p. 306 in [Kodaira] . Examples are cited in this reference on p. 307.
In the next section, we will calculate the Lie algebra cohomology of Lie(U), and then globalise the result.
In the coefficient case, we have:
Theorem 2 On a Stein open set U, a natural Lie(U)-module M(U) induces a differential graded module (M,∂) which is its resolution. So we have:
Proof: By a natural Lie(U)-module, I mean a module of holomorphic functions on U with an action of Lie(U) by differential operators. For example, take λ densities. We extend the action by the formula given by differential operators to C ∞ -functions with the same formula. Because of the requirement
for an action of g on a module to be differential graded, the action of Lie(U) determines the action of g 1 (U) in our case. This gives a differential graded module (M,∂). For example, for holomorphic λ-densities on U, noted Ω λ,0 (U), we get the differential graded module ( 1 k=0 Ω λ,k ,∂). It is clear that such a (M,∂) is a resolution of M(U). By the spectral sequence, the E 2 term is the Liealgebra cohomology of Lie(U) with coefficients M(U).2 2 Lie algebra cohomology of Lie(U )
The Lie algebra cohomology of Lie(U) has been calculated for open Riemann surfaces U by Kawazumi using the method of Bott-Segal.
Here, we do the same calculation for an arbitrary complex manifold M; I think the result is known to B. L. Feigin, and N. Kawazumi told me that he thought this to be true, too.
The first step is the local case, i. e. the cohomology of the Lie algebra of holomorphic vector fields on a contractible open set:
1.) For a disk D in l C n of radius R, one can refine the theorem of E. Borel (for example [Treves] p.390) to H * cont (Lie(D)) = H * cont (W (n)).
Here, W (n) is the Lie algebra of formal vector fields, and the cohomology H * cont (W (n)) has been calculated by Gelfand-Fuks.
2.)
For a contractible open set U, this is shown by adapting the proof for the same result on C ∞ vector fields given in [Bott, Segal] §2.
The second step is the generalization to arbitrary Stein open sets -using an "addition theorem" and a "fundamental map":
By the generalisation of theorem 5.5 of Kawazumi (his proof remains true in the case of a Stein open set U in l C n ), one can show H * cont (Lie(U)) = H * (Map(U, X(n))).
( 1) for a Stein open set U in l C n . Here, Map are the continuous maps, H * is the singular cohomology and X(n) is the topological space having as singular cohomology the continuous Lie algebra cohomology of W (n).
The proof is relying on the fundamental map f σ : C * (Lie(U σ )) → Ω * (U σ ; C * (Lie(l C))), see [Kawazumi] p.686. In the n-dimensional case, ω = (∂ −1 ) ⊗ ∂ gets replaced by ω = i (∂ −1 i ) ⊗ ∂ i . The rest is as in [Kawazumi] , see details in [Bott, Segal] .
The third step is taking hypercohomology on a compact complex manifold M of complex dimension n for the differential sheaves C(g * ) (the sheaf of differential graded algebras given by the Quillen functor on the dual of the Frölicher-Nijenhuis algebra), C(Lie) (the sheaf of differential graded algebras given by the (continuous) Chevalley-Eilenberg complex on the Lie algebra of holomorphic vector fields), C * (Map(−, X(n))) (the sheaf of singular cochains on the topological space given by the continuous maps from an open set to X(n)).
The sheaves C(g * ) and C * (Map(−, X(n))) are fine, so their hypercohomology spectral sequences collaps and give the differential graded cohomology resp. the singular cohomology of the space of global sections. Now we have the following isomorphisms of hypercohomology spectral sequences:
One between the sequence of Lie and that of g because of the isomorphism of cohomology sheaves induced by the fact (cf section 1) that the differential graded cohomology of g on a Stein open set is just the (continuous) Lie algebra cohomology of the holomorphic vector fields on this set.
Another isomorphism of spectral sequences between the sequence of Lie and that of Map(−, X(n)) because of the isomorphism of cohomology sheaves under the assumption of 1.
This gives us finally the isomorphisms Theorem 3
Here one recovers the theorem of Feigin for n = 1 where X(n) = S 3 :
Theorem 4
H * (Map(Σ, S 3 )) is calculated right away by homotopy theory; observe that Map(Σ, S 3 ) is a topological group. The answer is given in Feigins article.
Unfortunately, for n > 1 there is no such a simple description of X(n); one should be able to calculate Map(Σ, X(n)) anyhow. (it's the cohomology of a mapping space of mappings from a given compact complex manifold to the space X(n) whose cohomology is pretty well known.)
The cosimplicial version
The tangent sheaf Lie is a sheaf of Lie algebras which constitues an object in a derived category. The Lie algebra structure corresponds to the fact that we have a cohomological resolution which is a sheaf of differential graded Lie algebras. In our context, the Frölicher-Nijenhuis algebra g is this resolution.
According to [Hinich, Schechtman] , there is another sheaf of differential graded Lie algebras constituing a resolution of a sheaf of Lie algebras, the sheaf of cosimplicial Lie algebras corresponding to the Cech complex, suitably normalised by the Thom-Sullivan functor.
The cohomology of the cosimplicial Lie algebraČ(U, Lie) for a covering by Stein open sets U is the cohomology of the realization of the simplicial cochain complex given by the continuous Chevalley-Eilenberg complex on the cosimplicial Lie algebra.
Again, as in [Kawazumi] p. 686, one constructs a morphism of simplicial cochain complexesf
induced by the inclusion f : Lie(U σ ) ֒→ g(U σ ). N M,q denotes the thickened nerve of the covering U. By lemma 5.9 in [Bott, Segal] , the morphismf induces a cohomology equivalence between the realizations of the two simplicial cochain complexes (the conditions of the lemma are fullfilled because of the isomorphism of the cohomologies on an open set of the covering and the Künneth theorem). As in prop. 6.2 in [Bott, Segal] using partitions of unity, one shows that the cohomology of the realization of the simplicial cochain complex on the left hand side gives the differential graded cohomology of g. 
Coinvariants of the Virasoro algebra
Now we restrict the setting to compact Riemann surfaces Σ of genus g ≥ 2.
By the explicit description of a 1-cocycle ofČ(U, Lie) for the covering by the 2 open sets U 1 and U 2 , denoted by Lie 0 (Σ), given in Feigins article, we know that we have two 1-cochains ν 1 , ν 2 on Lie(U 1 ) and Lie(U 2 ) , ν 1 , ν 2 being such that dν 1 = ρ on U 1 and dν 2 = ρ on U 2 for the Virasoro cocycle ρ on U 1 ∩ U 2 with U 1 = Σ \ {p} and U 2 a disk around the point p.
The difference of these 1-cochains gives a 1-cocycle on U 1 ∪ U 2 , i.e. a representation noted 2 c . Unfortunately, U 1 ∪ U 2 has the 0 space as its Lie algebra of holomorphic vector fields.
Nevertheless, the 0 representation induces representations of Lie(U) for every open set U. This collection of representations is furthermore a representation of the cosimplicial Lie algebraČ(U, Lie) =: Lie △ (Σ) for the covering U by all Stein open sets, in the sense of representations of a diagram (Lie) algebra, described in [Gerstenhaber, Schack] .
It is now clear because the representation is induced by the 0 representation that Lemma 1 The module Ind(Lie 0 (Σ), 2 c ; Lie(U 1 )) is free as a HOL(U 1 )-module.
So, we have
Formulating this in terms of the standard Verma-Virasoro modules M c (p), thought here as attached to the point p, we get the homology of Lie(U 1 ) with coefficients in 2 c . It is easy to see that this gives all of the homology of the cosimplicial Lie algebra Lie 0 (Σ) with coefficients in 2 c : Theorem 6 We have for every i > 0 H i (Lie 0 (Σ), 2 c ) ∼ = 0 and for i = 0
Remark 1: The space of coinvariants here is just l C. So this case is rather trivial; nevertheless, this is not the case in the following theorem which is shown by the same methods.
Remark 2: We see here, that this is the case of a Liealgebra having the same homology as a diagram of Liealgebras; in the language of [Gerstenhaber, Schack] , Lie(U 1 ) is a diagram Liealgebra for Lie 0 (Σ).
By the same mechanisms, we have an analogous theorem for n-points and the cosimplicial Lie algebra Lie △ (Σ):
Let {p 1 , . . . , p n } be points on Σ, and note W (p 1 , . . . , p n ) = Σ\{p 1 , . . . , p n }. Let Z n be the direct sum Lie(U(p 1 )) ⊕ . . . ⊕ Lie(U n )) of holomorphic vector fields in some pointed disks U(p i ) around the points p i . Z n has a central extension by the sum-cocycle of the Virasoro cocycle:
Res
As in [Feigin] , there is a representation 2 h 1 ,...,hn;c associated to the cosimplicial Lie subalgebra of Lie △ (Σ) consisting of fields with zeroes in all of the points p i , noted Lie △ (Σ, p 1 , . . . , p n ).
With these notations, the corresponding theorem for the cosimplicial Lie algebra Lie △ (Σ) and n marked points reads Theorem 7 (1) The module Ind(Lie △ (Σ, p 1 , . . . , p n ), 2 h 1 ,...,hn;c ; HOL(W (p 1 , . . . , p n ))) is isomorphic to the restriction of the representation M h 1 ,c (p 1 ) ⊗ . . . ⊗ M hn,c (p n ) of the Lie algebraẐ n to the subalgebra HOL(W (p 1 , . . . , p n )).
(2) For i = 0, H i (Lie △ (Σ, p 1 , . . . , p n ), 2 h 1 ,...,hn;c ) = 0 if the genus g of the surface Σ verifies g ≥ 2 or g = 1 and n ≥ 1 or g = 0 and n ≥ 3.
(3) H 0 (Lie △ (Σ, p 1 , . . . , p n ), 2 h 1 ,...,hn;c ) is isomorphic to the space of coinvariants M h 1 ,c (p 1 ) ⊗ . . . ⊗ M hn,c (p n )/HOL(W (p 1 , . . . , p n ))M h 1 ,c (p 1 ) ⊗ . . . ⊗ M hn,c (p n ). Now, let us construct line bundles on the moduli space (of complex structures) following [Feigin] .
Note M(g, n) the moduli space of complex structures of genus g Riemann surfaces with n marked points. For each point p i , there is a centerless Virasoro algebra L i given by the holomorphic vector fields on a pointed disk around p i . L has the subalgebras L − i and L + i given by the fields admitting continuation in the complement of the disk and in the disk respectively. L + i has the subalgebra of those fields with zero in p i .
Taking the n points, we have L = i L i with the subalgebra L − of holomorphic fields in Σ \ {p 1 , . . . , p n }, and L + of holomorphic fields in all the disks U i around the points p i , L + 0 its subalgebra of fields being 0 in all the points.
Note D, D + and D − the associated formal groups; the underlying vector space is the space of formal series in the generators of the Lie algebra, the product is given by the Baker-Campbell-Hausdorff formula.
A simple lemma shows that L + \ L/L − is isomorphic to the tangent space T Σ M(g, 0), and analoguously L + 0 \ L/L − ∼ = T Σ M(g, n) . The formal group version may be interpreted as a formal neighbourhood of the point Σ in M(g, n) .
The Lie algebra of vector fields in some open set containing p i with zeroes in p i has a family of 1 dimensional representations φ(h i ) given by associating to a field ξ the number h i f ′ i (0) for f i the expansion of ξ around p i . The sum version is a 1 dimensional representation of L + 0 , and the formally integrated version θ(h 1 , . . . , h n )a 1 dimensional representation of D + 0 . We interpret D + 0 as a group acting on the (formal) manifold D by multiplication. The representation θ(h 1 , . . . , h n ) gives rise to an associated fibre bundle with typical fibre l C in a standard way; let's note E its total space. It is a D − -homogeneous bundle because L − is an ideal for g ≥ 2, and so D − is a normal subgroup. Finally, the fibre bundle factorizes to give a line bundle 
The tensor product of these 2 line bundles gives
This line bundle is related to more natural line bundles on the moduli space:
Take ξ i the line bundle arising from taking the tangent space in the point p i in each surface (Σ, p 1 , . . . , p n ) viewed as a point of M(g, n). ξ h 1 ,...,hn is in fact isomorphic to the line bundle ξ h 1 1 ⊗. . .⊗ξ hn n on the formal neighbourhood. This is relies on the fact that the transition functions in an associated bundle are given by the group action, combined with the fact that the representation φ(h i ) corresponds to the 1 st term in the Taylor development of the field: the tangent space term.
For ξ c , take the determinant line bundle associated to the relative tangent sheaf of a universal family over M(g, 0):
It is easy to see that this bundle coincides in our case with the bundle of volume forms; the fiber of det(Rπ * (T )) over the point Σ is just Λ 3g−3 T * Σ M(g, 0). The determinant bundle (or the bundle of volume forms) gives rise to a pull-back bundle △ on M(g, n) by the map which forgets the marked points. The transition law between sections of the determinant line bundle is given by the coboundary which is the difference of the cocycles of the local Virasoro algebras, see [Kontsevich] . By standard homological algebra, the same is true for the sections of a central extension; one sees that △ corresponds to ξ c . Actually, △ = ξ c/26 on the formal neighbourhood.
This latter description of ξ h 1 ,...,hn;c permits the extension of the bundle on the formal neighbourhood to all of the moduli space if the numbers h 1 , . . . , h n and c 26 are integers. Feigin interpretes the space of co-invariants from the above theorem as the space of generalized sections of this line bundle with support in the point (Σ, p 1 , . . . , p n ).
We recover for no marked points the space of generalized sections of the line bundle with support in the point which is isomorphic to the differential graded homology of g, cf corollary 2 of section 1 and the theorem on the local structure of the moduli space in [Hinich, Schechtman] . This is the deformation theorecical side of the (co-)homology calculations; the field theoretical side is dicussed briefly in the next section.
The modular functor
A modular functor associates to a compact Riemann surface a finite dimensional vector space. In our setting, the vector space is the space of coinvariants of the last section, i.e. the homology of Lie △ (Σ) with coefficients in some representation 2 c .
The last section of Feigins article takes c to be the c's associated to minimal conformal field theories, i.e. those with a finite number of primairy fields. Furthermore, Feigin takes the lisse quotient of the representation 2 c . By a general theorem on the coinvariants of a lisse representation, see [Feigin, Malikov] lemma 4.1.1, the space of coinvariants, so the space of conformal blocks associated to a Riemann surface by the modular functor, is finite dimensional.
